Let be an arbitrary regular triangulation of a simply connected compact polygonal domain R 2 and let S 1 q ( ) denote the space of bivariate polynomial splines of degree q and smoothness 1 with respect to . We develop an algorithm for constructing point sets admissible for Lagrange interpolation by S 1 q ( ) if q 4. In the case q = 4 it may be necessary to slightly modify , but only if exeptional constellations of triangles occur. Hermite interpolation schemes are obtained as limits of the Lagrange interpolation sets.
Introduction
Let R 2 be a simply connected compact polygonal domain, and let denote a regular triangulation of . The space of bivariate splines of degree q and smoothness r with respect to is de ned by S r q ( ) := fs 2 C r ( ) : s T 2 q for all T 2 g ; 0 r < q ; 1 is the space of bivariate polynomials of total degree q.
In the literature, point sets that admit unique Lagrange and Hermite interpolation by spaces S r q ( c ) were constructed for crosscut partitions c , in particular for 1 and 2 -triangulations 1, 4, 14, 19, 20, 21, 25, 26] . Results on the approximation order of these interpolation methods were given in 4, 9, 14, 18, 19, 22, 25, 26] .
Much less has been known about interpolation by S r q ( ), r 1, if is an arbitrary triangulation. (Recall that even the dimension of the space S r q ( ) is known only if r = 1, q 4 or r 2, q 3r+2.) An explicit Hermite interpolation scheme for S 1 q ( ), q 5, can be obtained by using the nodal basis of this space constructed in 15]. However, this sheds no light on the problem of constructing Lagrange interpolation sets. Recently it was shown 23, 24] that a natural multivariate analogue of well known Schoenberg-Whitney theorem holds true for almost interpolation sets, i.e., point sets that can be transformed into a Lagrange interpolation set by an arbitrary small perturbation. Several Schoenberg-Whitney type characterizations of almost interpolation can be found in 7, 11, 12, 13, 23, 24] . A particulary simple characterization theorem is available 13] for spline spaces that admit a locally linearly independent basis. Since the spaces S 1 q ( ), q 5, are of this type (see 8]), general algorithms of transforming almost interpolation sets into interpolation sets 7, 11, 23 ] can be applied to construct Lagrange interpolation sets for these spaces. For q = 4 it was shown in 2] that a spline in S 1 4 ( ) exists which coincides with a given function at the vertices of . Under certain restrictions on the triangulation, analogous results were obtained in 5, 16] for function and gradient values at the vertices. (Note that the dimension of S 1 4 ( ) is about six times the number of vertices of .) Thus, no explicit Lagrange interpolation schemes for S 1 q ( ) and arbitrary triangulations were given in the literature. In this paper we describe an algorithm for constructing such interpolation schemes for q 4. In the case q = 4 it may be necessary to slightly modify , but only if exceptional local constellations of triangles occur. In these cases we simply split one of the triangles or perturb one of the vertices. Our algorithm for constructing interpolation points is inductive. Starting with one triangle, in each step we add one vertex to the subtriangulation considered before, and simultaneously choose interpolation points on the newly added triangles. Therefore, the interpolating spline can also be computed step by step, by solving small systems of linear equations. By shifting interpolation points to the vertices, we also obtain Hermite interpolation schemes. It is important to note that for 1 and 2 triangulations our method leads to the interpolation schemes with (nearly) optimal approximation order developed in 18] and 22], respectively. In addition, our recent numerical results con rm that our interpolation methods yield nearly optimal approximation order for S 1 q ( ), q 4, and general classes of triangulations (see 10]).
The paper is organized as follows. Section 2 contains some auxiliary concepts and results. In Section 3 and Section 4 we describe our interpolation schemes for S 1 4 ( ) and S 1 q ( ), q 5, respectively. Finally, in Section 5 we give the proofs of the main results.
Preliminaries
To simplify notation, we set d q := dim q = (q + 1)(q + 2) 2 ; q = 0; ST(v) n 0 includes precisely two triangles T 1 ; T 2 2 n 0 with a common edge e which is degenerate at v (see Fig. 2.3, a) ). A vertex v 2 int \ bd 0 is said to be semisingular of type II with respect to 0 if ST(v) n 0 includes precisely three consequent triangles T 1 ; T 2 ; T 3 2 n 0 such that both the common edge e 1 of T 1 ; T 2 and the common edge e 2 of T 2 ; T 3 are degenerate at v (see Fig. 2.3, b) ). We say that a vertex v is semisingular with respect to 0 if it is semisingular of either type. Proof. Since is a regular triangulation and 0 is tame, it is easy to see that there exists at least one vertex v 1 We choose L (4) 1 to be an arbitrary set of 15 points lying on T 1 and admissible for Lagrange interpolation from 4 . For example, we can choose three vertices v (1) 1 ; v (2) 1 ; v (3) 1 of T 1 , any three distinct points w (1) 1;j ; w (2) 1;j ; w (3) 1;j in the interior of the edge e 1;j , for each j = 1; 2; 3, where e 1;j denotes the edge of T 1 which is opposite to the vertex v (j) 1 , and any three noncollinear points z (1) 1 ; z (2) 1 ; z (3) 1 in the interior of the triangle T 1 . Proceeding by induction, we take i 2 and suppose that i?1 has already been de ned and is a tame subtriangulation of , with i?1 := i?1 being a proper subset of . In order to construct i , we apply Lemma 2.6 to the We consider three cases.
any point w i;j in the interior of the edgeê i;j , for each j 2 f0; : : : ; i g n J i , (3.4) two points w 0 i ; w 00 i , di erent from (3.4) and lying in the interiors of two noncollinear edgesê i;j 0 andê i;j 00 respectively, for some j 0 ; j 00 2 f0; : : : ; i g, and
any point z i in the interior of a triangle T i;j 000, for some j 000 2 f1; : : : ; i g. (3.6) Case 2: i = 1 and there exists j 2 f0; i g n J i , such thatê i;j is nondegenerate at v i .
Then L (4) i i n i?1 consists of (3.3), any point w i;j in the interior of the edgeê i;j , for each j 2 f0; : : : ; i g n (J i fj g), (3.7) two points w 0 i ; w 00 i , di erent from (3.7) and lying in the interiors of two noncollinear edgesê i;j 0 andê i;j 00 respectively, for some j 0 ; j 00 2 f0; : : : ; i g n fj g, and
any point z i in the interior of a triangle T i;j 000, for some j 000 2 f1; : : : ; i g n fj ; j + 1g.
(3.9)
(It is easy to see that such j 0 , j 00 and j 000 exist.)
Case 3: i = 1 andê i;j is degenerate at v i for every j 2 f0; i g n J i .
In this case we slightly modify the triangulation locally as follows. The rst possibility is to perform a Clough-Tocher split of the triangleT i that lies outside i and shares the edgeê i;0 with T i;1 . Therefore, we add a new vertexṽ i in the interior ofT i and connectṽ i with three edges to each of the vertices ofT i (see Fig. 3.3 ). After this modi cation vertex v i is no longer semisingular w.r.t. i , hence i = 0, and we choose L (4) Fig. 3.3) . Therefore, no modi cation of is needed if each vertex is connected with at most three vertices lying on a line. In particular, this last property is satis ed for any triangulation obtained from an arbitrary convex quadrangulation by inserting one or two diagonals of each quadrilateral.
(ii) We also note that our method works without modifying if the total number of edges attached to v i is odd. Then L (4) i consists of (3.3), (3.4) and (3.5) in Case 3. We choose L (q) 1 to be an arbitrary set of d q points lying on T 1 and admissible for Lagrange interpolation from q . In order to de ne L (q) i , we consider two cases. two points w 0 i ; w 00 i , di erent from (4.7), (4.8) and (4.9) and lying in the interiors of two noncollinear edgesê i;j 0 andê i;j 00 respectively, for some j 0 ; j 00 2 f0; : : : ; i g n fj g, (4.10) any d q?4 distinct points z (1) i;j 000 ; : : :; z (d q?4 ) i;j 000 lying in the interior of a triangle T i;j 000, for some j 000 2 f1; : : : ; i g n fj ; j + 1g, and admissible for Lagrange interpolation from q?4 , and Lemma 5.3 Let T be a triangle with vertices v (1) , v (2) and v (3) . Denote by e j the edge of T opposite to v (j) , j = 1; 2; 3. Suppose that p 2 4 However, we have already proved that p j 000 0, hence @ 2 p j 000 @ê i;j 000 ?1 @ê i;j 000 (v i ) = 0 ; and (5.11) follows.
Case 2: i = 1.
22
Then, by construction, there exists j 2 f0; i g n J i , for whichê i;j is nondegenerate at v i . Therefore, L (4) i is de ned by (3.3), (3.7) , (3.8) If we show that @ 2 s @ê 2 i;j (v i ) = 0 ; (5.13) then the proof will proceed exactly as in Case 1, except that (5.13) will be used instead of s(w i;j ) = 0. In order to prove (5.13), we rst deduce from (5. 
i is a total set with respect to S 1 q ( ).
Proof. Suppose that s 2 S 1 q ( ) vanishes at all points z 2 L (q) . Then s(z) = 0 for all z 2 L (q) 1 , and by Lemma 5.4, we get s 1 0. We proceed by induction on i. Assume that for some i 2 f2; : : : ; mg, Since every total set of points whose cardinality coincides with the dimension of the space is a Lagrange interpolation set, both Theorems 3.1 and 4.1 will be established if we prove that card L (q) = dimS 1 q ( ) : (5.17) To this end we need the following lemma. 5.2, a) 
